
IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 49, NO. 2, FEBRUARY 2001 315

Scattering from a Cylindrical Waveguide with
Rectangular Corrugations
Haeng S. Lee and Hyo J. Eom, Senior Member, IEEE

Abstract—Electromagnetic scattering from a circular cylin-
drical waveguide with rectangular corrugations is considered
in this paper. An analysis method based on dyadic Green’s
functions and Fourier transforms is used to get the field in terms
of modal currents induced on the corrugation openings. The fields
are expressed through a series of modal eigenfunctions in the
corrugations, and are integrated to get the unknown expansion
coefficients. This analysis method can easily be extended to
find the dispersion relations of the corrugated waveguide. The
series solution obtained is analytic and suitable for numerical
computation. Numerical results are presented to illustrate the
scattering behavior of a corrugated cylindrical waveguide in terms
of frequency and waveguide geometry.

Index Terms—Corrugated waveguide, dyadic Green function,
mode converter.

I. INTRODUCTION

RADIATION from the open end of a corrugated hy-
brid-mode circular waveguide has excellent properties,

such as low sidelobes, cross-polarization levels, axial beam
symmetry, and low attenuation. Such properties cannot be
obtained by a smooth-walled circular cylinder. To put it simply,
circumferential slots enable the support of both TE and TM
modes with the same propagation wavenumber to get improved
quality mode characteristics [1]. With this basic idea, analysis
methods based on anisotropic surface impedances in the corru-
gated waveguide have been used with sufficient accuracy when
the corrugation widths are small compared to the wavelength
at operating frequencies [2]. When the corrugation width is
comparable to the wavelength, this method based on simple
theory fails, and another technique based on a modal expansion
method has been used [3]. In some approaches, the corrugated
waveguides are analyzed with the assumption that they are
made of infinite series of junctions of two smooth walled
cylinders with different radii, and can be solved by cascading
as many scattering matrices as the number of corrugations [4],
[5]. Although these methods are simple to use and helpful in
understanding the scattering mechanism, they consume many
computational resources during the calculations of matrix
equations, which often are of high dimensions.
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Fig. 1. S is the surface area at the opening of theqth corrugation (S =

S ).

As shown in the following sections, our method solves the
problem using lower dimension matrix equations. This is due to
expressing the field in the waveguide with integrals of equiv-
alent magnetic modal currents. Da Silva [5] has adopted the
concept of an equivalent magnetic current in the analysis, but
use the equivalent currents in obtaining a single scattering ma-
trix, thus limiting applicability. In our method, modal currents
in each corrugation are integrated to get field expressions in the
guide and enable us to analyze the waveguide with nonuniform
aperiodic corrugations.

In this paper, scattering analysis of the circular to corrugated
waveguide junctions are treated with the modal equivalent mag-
netic currents method, and then application to a mode converter
is considered. Although derivations are given for the cases with
a finite number of corrugations, the analysis can be extended
to the case with an infinite number of corrugations. In the Ap-
pendix, we show the extension to the infinite case and present
characteristic equations that are used to find dispersion rela-
tions. The method used in this paper enable us to get a series
solution for the modal currents that is rapidly convergent and
numerically efficient.

II. A NALYSIS METHOD

In this section, we show that fields in a waveguide with arbi-
trarily shaped corrugations can be obtained if only the fields at
the opening of the corrugations are known (see Fig. 1). We as-
sume that the geometry of the problem comprises a region of a
cylinder and that of corrugations. The fields in the cylinder are
represented as follows:

(1)

(2)
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where , are electric and magnetic eigenfunctions with eigen-
value , subscripts and stand for TM and TE modes, and
is the position vector. We use a continuous spectrum represen-
tation to satisfy the boundary conditions imposed on the inner
surface of the corrugated waveguide, which extends from
to .

The expansion coefficients and can be found
using the orthogonality properties of the eigenfunctions. We as-
sume that appropriate normalizations are made. Multiplying the
electric-field equation above by and integrating over the
cylinder surface

(3)

Therefore,

(4)

where is the equivalent magnetic current
and is the TM-mode
dyadic Green’s function.

In a like manner, is to be found, and the TE electric
fields are as follows:

(5)

where is the TE mode
dyadic Green’s function.

The total electric field in the cylindrical region is

(6)

where . The fields are repre-
sented as a surface integral of the transverse fields at the opening
of the corrugations.

Although we have derived integral equations based on the
dyadic Green’s functions, the expressions still have an unknown
equivalent current at the opening of each corrugation. To solve
the problem, we expand the fields in the corrugations as a sum of
discrete eigenfunctions with unknown coefficients. We then find
the unknown coefficients using the magnetic-field continuity.

Multiplying the original magnetic-field equation by discrete
eigenfunctions ( or ) and integrating as before, we get
the final equations relating the unknown coefficients

(7)

(8)

where

(9)

and , are modal equiv-
alent currents. From these equations, the unknown coefficients
are obtained.

III. FIELD REPRESENTATION

Consider a perfectly conducting cylindrical waveguide with
rectangular corrugations shown in Fig. 2 and assume an inci-
dent mode propagates in the input cylindrical waveguide.
The waveguide medium permittivity and permeability areand

. To simplify the field expressions, the field quantities are re-
placed by dimensionless ones and is suppressed. This sub-
stitution is equivalent to replacingand with unity. With
time convention, the field is given by

(10)

Maxwell’s equations are then

(11)

The fields can be represented by Hertz potentials such that

(12)

(13)

where , are the electric and magnetic Hertz potentials,
respectively.

In region I ( ), the scattered field is represented by the
Hertz potentials

(14)

(15)

where .
In region II ( , the corrugation region), the fields in the

th groove are expanded as a sum of discrete mode functions in
terms of the Hertz vectors

(16)

(17)

where

(18)

(19)

and .
The incident field is represented as

(20)
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Fig. 2. Geometry of the problem.

where , , and is defined as the first
root of the derivative of the first-order Bessel function ,
and , , and denote unit vectors in cylindrical coordinates.

To obtain the simultaneous equations for the unknown coef-
ficients and , we substitute (14)–(17) and (20), into (7)
and (8)

(21)

(22)

where

(23)

(24)

(25)

(26)

and

(27)

It is possible to evaluate the integrals , , , and
as a fast-convergent series using a contour integration method
[7], which leads to a calculation of pole contributions. The inte-
grals contain poles due to Bessel functions and those due to
and when and . The result is

(28)

(29)

(30)

(31)

where

(32)

and , , and ,

are the th root of , , respectively.
Equations (21) and (22) constitute a set of simultaneous

equations for the unknowns and . It is simple to solve
these equations since the coefficients are calculated from a
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rapidly convergent series and, thus, numerically efficient. To
achieve numerical convergence, the number of modes in each
corrugation, i.e., , used in the calculation must at least satisfy

. In the following numerical computations, is
enough for the accuracy to be 0.1%.

IV. REFLECTION AND TRANSMISSIONCOEFFICIENTS

It is necessary to evaluate the transmitted and reflected
powers as . Using the residue calculus, we evaluate
the scattered -fields when as

(33)

where

(34)

(35)

(36)

(37)

where

(38)

(39)

(40)

The reflected TE mode power as becomes

(41)

where is the largest number that satisfies the condition
. The reflected TM mode power as

becomes

(42)

where is the largest number that satisfies the condition
. The reflection coefficient ,

where the incident power is given by

(43)

In Fig. 3, we show the calculated return loss of a finite length
corrugated waveguide connected with smooth-walled circular
cylinders at both sides, as shown in Fig. 2. To check the validity

Fig. 3. Return loss of a cylindrical waveguide with a finite-length corrugated
waveguide section. (a) Return loss calculated by the method presented in this
paper. (b) Theoretical calculation based on the method in [4]. The waveguide
dimensions are those of [4, Table I, case i)].

Fig. 4. Frequency characteristics of return loss of a corrugated waveguide
section. The passband width becomes narrower as the outer radiusb increases
slightly. As shown in the figure, the 10-dB bandwidth in the figure changes
from 600 to 300 MHz as the length increases (k a = 1:922, k d = 0:7121,
k L = 1:068, wherek is the wavenumber at the center frequency andL is
the corrugation pitch).

of our method, we compared our results with those of the scat-
tering matrix formulation in [4], thus confirming an agreement
between them. While 10–15 modes in each cylinder section are
needed in the calculation based on the scattering matrix formu-
lation [4], our results are obtained with sufficient accuracy using
two to three modes in each corrugation. This means that our
computational scheme is five times more efficient than the one
in [4].

Figs. 4 and 5 illustrate the frequency characteristics of the fi-
nite-length corrugated waveguide section. In Fig. 5, we show the
variations of the bandwidth as the corrugation depthchanges.
As the length of the radial waveguide (or, equivalently, the trans-
mission line) changes slightly, the passband width changes ap-
preciably. For instance, the 10-dB bandwidth changes from 600
to 300 MHz, as changes from 2.9 to 3.2 ( GHz).

Fig. 5 shows the frequency responses of the return loss when
changes from 2.5 to 5.5. It is seen that the curve shapes
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Fig. 5. Frequency characteristics of the return loss exhibits a periodic
frequency response as the inner radiusb increases (k a = 1:922,
k d = 0:7121, k L = 1:068, wherek is the wavenumber at the center
frequency andL is the corrugation pitch).

Fig. 6. Electric-field lines of theHE mode and theTE mode in the
waveguide. (a) Field lines in the corrugated region. (b) Field lines far away
from the corrugated region (ka = 4:3358, kb = 6:1139, kd = 2:0823,
kL = 3:9087.)

change little, particularly in the low-frequency regime, where
GHz. This can be conjectured with the first-order ap-

proximation based on the transmission-line theory where a pe-
riodic frequency response is expected as is changed by
a half-wavelength.

Our additional computations reveal that the return-loss varia-
tions with and are negligible, and when the number of corru-
gations increases, the number of ripples in the return-loss curve
increases, as expected.

In Fig. 6, we plot the transverse electric-field lines in the
waveguide. In the corrugated section, the incident field is
transformed into the hybrid mode. As shown in the figure,
the field lines in the corrugated section are linear, which implies
the symmetry between the electric and magnetic fields. In addi-
tion, the transverse electric field vanishes identically along the
perimeter and results in the desirable characteristics of low at-
tenuation. This can be guessed from the soft boundary condi-
tions imposed by the corrugated surface when the corrugation
depth is about [8].

V. CONCLUSION

A rapidly converging series solution for scattering from a
cylindrical waveguide with rectangular corrugations have been
obtained. Numerical computations have been performed to il-
lustrate the scattering behavior of a number of waveguide sec-
tions. The comparison to other existing data shows an agree-
ment. Our series solution is analytic and in closed form, thus, it
is numerically efficient and simple to use.

APPENDIX

INFINITE CORRUGATEDWAVEGUIDE

When the number of corrugations is increased to infinity, the
mode coefficients and in (16) and (17) are reduced to

, , where is the corrugation pitch. That is,
modal currents in a corrugation is related to those in another
corrugation by , which is based on Floquet’s theorem. The
propagation constant is yet an unknown constant, but can be
found from (21) and (22).

With the substitutions above, (21) and (22) are the same, ex-
cept that a factor is added to the integrands in, , ,
and , and the incident field is omitted. Hence,

(44)

(45)

where

(46)

(47)

(48)

(49)

and

(50)

The characteristic equations (44) and (45) are identical to those
in [9] and confirm the validity of our approach.
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